We study the spectra and response of Hooke's law spherium (two electrons moving on a surface of a sphere and interacting via harmonic potential to external static and laser fields. The spectrum of the Hooke's law spherium is analysed in the light of varying coupling strength. In addition, the < cos n θ >, n = 1, 2 for different contributions of 'static' and 'laser' fields is studied and analysed.
I Introduction
Recently much attention is being paid to the quasi-solvable systems such as Hooke's atom, two electrons on a sphere (spherium), ballium, jellium etc. due to their similarities to more complex real quantum systems. Such systems are now being used as a prototype in order to understand many physical properties of quantum systems. Loos and McGill have devoted much work to the study of spectra of various two electron systems such as: two electron systems on hypersphere, sphere, two electron quantum rings, electrons on concentric spheres, etc. [1] - [8] . As shown by Loos et. al. [1] , two models of two electron systems namely harmonium or hookium, where electrons are bound by harmonic potential and spherium in which electrons are bound to move on the surface of the sphere, are quite useful to test various approximations [1] and references therein.)
In this work, we focus on the spectra of Hooke's law spherium which consists of two interacting electrons. The interaction between those two electrons is Coulombic and the electrons are forced to remain on the surface of the sphere [2] . In addition, as shown in ref. [1] , the electrons are interacting via a force constant. In addition, we study the response of such spherium to external static and electromagnetic fields. This kind of a system is not only valuable for the reasons mentioned above, but also a prototype for confined and/or hindered rigid rotor [9] . The interaction term of the Hamiltonian in case of spherium, can be taken as a hindering potential in case of hindered rotor. Hence, we study the spectrum of the system, for various coupling strengths and obtain energy eigenvalues and various coupling matrix elements.
The response of spherium to external electric fields, is of importance in a number of research areas of atomic, molecular and chemical physics. This can be used to understand the stereodynamics of collisions involving molecules and manipulating molecules and atoms using external fields [10] - [12] . The paper is organised as follows: in next section, we present necessary theoretical concepts and the computational method used to solve the problem, followed by results and discussion. Finally conclusion of the study is presented.
II Theoretical Methods
Let us consider two particles moving on the surface of a sphere of radius R. The coordinates of the particle on the surface of a sphere are given by Ω ≡ (θ, φ). The time independent Schrödinger equation for two particles, on the surface of a sphere, is given by (in a.u.):
where
and V (Ω 1 , Ω 2 ) is the interaction term.
As reported by Aghekyan et al. [13] , various models of interaction potential such as Coulombic, Gaussian and many other forms of potentials, have been considered in literature for electrons moving on surface of sphere. However, here we have taken the interaction term V (Ω 1 , Ω 2 ) as harmonic and defined as αU , where
and
and α is a constant.
With little calculations it can be shown that the above equation can be written as [1] :
where B e is taken as constant =
Solving above equation, we get energy eigenvalues of the system in units of B e . We define Ω 2 as coupling constant (in units of B e ). By varying Ω 2 , we get spectrum of the system for given values of (8) we use finite difference method [14] - [16] . The response of such system to external field depends on the interaction matrix elements < ψ|cosθ|ψ ′ >, hence we also evaluated, values of < ψ j |cosθ|ψ j ′ > and < ψ j |cos 2 θ|ψ j ′ > for various values of coupling constant Ω 2 .
When such a spherium is placed in external static and laser fields; it may be noted that for large values of R (exceeding few hundred a.u.), the energy difference between successive states is in the range of meV (as shown in Table-I) , hence the total Hamiltonian of the system can be written as:
As mentioned earlier, all terms are represented in terms of B e . H s int is the interaction of static electric field with the spherium, while H L int is the interaction of the laser field.
E ′ s is the static electric field strength,
Hence time dependent Schrödinger equation for the spherium in static electric and electromagnetic field is given by (in a.u.):
is time dependent with period T = 2π/ω where ω is the angular frequency of the laser field. For the case, where ω is near to resonance frequency and the intensity is not too high, the solution of the time dependent Schrödinger equation can be written, using rotating wave approximation (RWA) [17] 
where n is the total number of states taken into account, ψ ′ j s are the solutions of equation (8). Substi-tuting equation (14) into equation (13) and using RWA we get a set of eigenvalue equation [18] , [19] .
The resulting equation can be written in matrix form. Now the resulting system is time independent.
The quasi-energies (λ n ) and the corresponding eigenvectors (a j ) are evaluated by diagonalising the resulting equations. The transition probability for a transition from initial state j to final state j ′ are found by
It is worth mentioning that as the quasi energy matrix is time independent and the frequency of the laser field taken in the study is ω = E 2 − E 1 which is very close to zero. Hence the dressed states are roughly time independent. So, we calculated the orientation and alignment in different dressed states as < Φ j |cosθ|Φ j > and < Φ j |cos 2 θ|Φ j >.
III Results and Discussion
Here, we have studied the response of a spherium to external static and laser fields. The radius of the spherium is taken to be 200 a.u. (i.e. B e = 2.5 × 10 −5 a.u.). The spectrum of such a spherium resembles to that of a hindered rotor. We solve the time independent Schrödinger equation using Finite Difference method. In addition, the coupling matrix elements < ψ j |cos n θ|ψ j ′ >, (where n= 1,2) are also evaluated.
We present the energy eigenvalues (in units of B e in Table-I) . As can be seen from the table for Ω 2 = 0 (i.e. coupling constant zero) the energy eigenvalues of the spherium are exactly equal to that of the free rotor. With increase in Ω 2 , the energy eigenvalues change considerably for low lying states, however for higher states the variation in energy is small. This low variation is expected as perturbation of the energy levels will depend on the strength Ω 2 .
The same can be said about the coupling matrix elements. For example, in Table- II the values for < ψ j |cosθ|ψ ′ j > are given for nearest neighbouring states. We can see that the coupling elements < ψ j |cosθ|ψ j ′ >=0 for Ω 2 =0, as expected, however with increase in Ω 2 , these values show sharp increase.
The variation is significant for low lying states. The trend is also reflected in < ψ j |cos 2 θ|ψ j ′ > as shown in Table- When E L =0, i.e., the first column, there is a change in the coupling constants and hence the change in the probability. The most affected coupling constant is < 0|cosθ|1 > resulting in a large change in the probability of the first excited state. Same can be said about the probability of other excited states. With increase in the strength of the laser field, oscillations set in the value of probability which increases with further increase in the strength of laser field. Fig. 3 shows the variation of orientation parameter, < cosθ >, of the lowest eight states of a spherium with the static electric field (in units of B e ). Along the column the coupling constant is increased and along the row the laser field strength in units of B e increases. In the absence of the laser field, the orientation parameter for higher values of electric field strength attains some constant value for different states e.g. in all the three cases < cosθ > 0 i.e. orientation parameter of the ground state approaches 1, 0.92 for < cosθ > 1 and so on, which implies that the system is highly oriented even for higher values of coupling constants Ω 2 . However, with increase in the strength of laser field, this pattern is broken and the system goes from orientation to anti-orientation for large values of E L .
The variation of alignment parameter, < cos 2 θ > of the lowest eight states of a spherium with the static electric field (in units of B e ) is shown in Fig. 4 
Conclusion
In the present study, we have calculated the energies and the coupling matrix elements of first and second order, of a spherium. The energies and the coupling matrix elements show strong dependence on the strength of the interaction term (Ω 2 ), due to which the system shows interesting behaviour to external fields, shown in terms of variation of the dressed states, transition probability, orientation parameter and alignment. 
